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We investigate the classification of topological excitations in quadratic bosonic systems with an
excitation band gap. Time-reversal, charge-conjugation, and parity symmetries in bosonic systems
are introduced to realize a ten-fold symmetry classification. We find a specific decomposition of the
quadratic bosonic Hamiltonian and use it to prove that each quadratic bosonic system is homotopic
to a direct sum of two single-particle subsystems. The classification table of topological excitations
is thus derived via inheriting from that of Atland-Zirnbauer classes and unique topological phases of
bosons are predicted. Finally, concrete bosonic models are proposed to demonstrate the peculiarity
of bosonic topological excitations.
Introduction. Searching for topological phases of a
many-body system with specific symmetries becomes an
important issue in both condensed matter and cold atom
physics. As a milestone work, gapped free-fermion sys-
tems including the Chern insulator [1], topological insula-
tor [2–5] and topological superconductor [6–9] are catego-
rized into ten Atland-Zirnbauer (AZ) symmetry classes
according to the time-reversal, charge-conjugation, and
chiral symmetries [10, 11]. The relevant topological
phases are classified by a periodic table in the framework
of K-theory [12–15]. Recently, the concept of topological
phase has also been extended to dynamical [16–19] and
open quantum-mechanical systems [20–24]. The classi-
fications of Floquet topological insulator [25] and non-
Hermitian systems [26, 27] are also established based on
similar classification principles.
Parallel to the fermionic insulator, topological phases
also emerge from excitations of a bosonic system. Topo-
logical excitations (TEs) of bosons not only are attainable
from the simulation of single-particle topological bands
[28–39] but also are discovered in peculiar bosonic sys-
tems without fermionic analogy. It is reported that the
2D bosonic Bogoliubov-de Gennes (BdG) model contain-
ing two-boson annihilation/creation interactions [40–42]
is capable of hosting excitation bands with non-vanishing
Chern numbers, which is realizable in magnonic crystals
[43–46], nonlinear bosonic systems [47], photonic crys-
tals [48], and ultracold bosonic atoms in optical lattices
[49–52]. The bosonic excitation modes are obtained by
pseudo-unitary diagonalization due to the bosonic com-
mutation relation [53, 54]. Thus, the topological obstruc-
tion, i.e., the energy gap, is defined in an exotic way.
Moreover, the stability of bosonic Hamiltonians requires
the semi-positive definiteness that brings a limitation on
the symmetries. These facts suggest that the bosonic
system can potentially generate peculiar TEs beyond the
common AZ symmetry and topological classification.
Then a problem naturally arise: It remains unclear if
the bosonic TEs exist in other dimension and symmetry
class. Hence it is of great necessity to achieve the classi-
fications of the symmetries and TEs in bosonic systems.
In this Letter, we focus on excitations of a quadratic
bosonic system (QBS) with an excitation band gap and
systematically classify their topological phases accord-
ing to symmetries. We firstly inherit the AZ classifica-
tion scheme to introduce the time reversal, charge con-
jugation, and their composite interpreted as parity and
generate a ten-fold symmetry classification for the QBS.
We then explore the topological structure of the bosonic
Hamiltonian via a specific decomposition which reveals
that each QBS is homotopic to a direct sum of two
single-particle subsystems. Therefore, the classification
table of bosonic TEs is derived via the periodic table
of AZ classes. We further apply these results to pre-
dict unique topological phases of bosons and construct
concrete bosonic models without fermionic single-particle
counterpart. Our work opens a route of exploring the
topological phases and effects of bosons.
Model for QBS. We consider a quadratic Hamiltonian
H =
∑
k φ
† (k)H (k)φ (k) composed by bosonic field op-
erators φ† (k) =
(
a
† (k) b (−k)
)
and an Hermitian ma-
trix H (k) which is continuous with regard to wave vector
k. Here, a† =
(
a†1 · · · a
†
N
)
and b =
(
b1 · · · bN ′
)
are
bosonic creation and annihilation operators, respectively.
The field operators obey bosonic commutation relations[
φi (k) , φ
†
j (k)
]
= τij , τ =
(
IN
−IN ′
)
, (1)
where IN denotes N × N identity matrix. To stabilize
the system, H (k) is required to be semi-positive definite.
This general QBS has included the single-particle system
when b (k) vanishes [29, 35, 36, 38, 39, 55] and the widely
studied bosonic BdG system when bi (k) = ai (k) (N =
N ′) [43, 47–52].
We aim to investigate the excitation bands on top of a
bosonic ground state, which are solved via a linear trans-
formation φ (k) = V (k)ψ (k). To satisfy the bosonic
commutation relation Eq. (1), the transformation ma-
trix needs to obey V †τV = τ and forms a pseudo-unitary
group U (N,N ′). As a mathematical theorem [54], each
positive definite Hermitian matrix H is pseudo-unitarily
congruent to a positive diagonal matrix Λ, i.e.,
V †HV = Λ, V ∈ U (N,N ′) . (2)
2Then the positive definite Hamiltonian takes a decoupled
form H =
∑
k ψ
† (k) Λ (k)ψ (k) with excitation modes
ψ (k) and energy spectra Λ (k). The Hamiltonian with
zero excitation modes can be regarded as a limit case
and suits the same treatment. To generate a topological
obstruction, we assume an excitation band gap such that
several energy bands are always lower than the others. It
leads to the appearance of bosonic TEs which cannot be
continuously mapped to a trivial flat-band model when
the gap keeps open and the symmetries keep invariant.
Symmetry classification. For the symmetry classifica-
tion of the QBS, we inherit the AZ classification scheme
to introduce time-reversal T , charge-conjugation C, and
their composite P = T · C symmetries. The time-
reversal operator is anti-unitary, i.e., T iT −1 = −i. The
charge-conjugation operator is only adaptive to the case
of N = N ′, which is unitary and capable of revers-
ing the sign of the charge Q =
∑
i,k
(
a†iai − b
†
ibi
)
, i.e.,
CQC−1 = −Q. Their physical properties are summa-
rized in Tab. I. In the first four columns, we specify
the actions of O = T , C, P upon the field operator, i.e.,
Oφ (k)O−1, and derive the symmetric constraint of an
O-symmetric Hamiltonian (OHO−1 = H) which takes
the form of OH (k)O−1 = H (±k). Here we redefine
the symmetry operators O = T,C, P acting on H (k) in-
stead of H, in which T,C are anti-unitary and P be-
comes unitary. We also find the structure of O, i.e.,
OτO−1 = ±τ , which results from the O-action upon
Eq. (1), i.e.,
[
OφiO
−1,Oφ†jO
−1
]
= τij . Furthermore,
we assume T , C, P as involutive operators (twice action
making any system return to itself) and obtain the fifth
column by applying Schur’s lemma. The representation
matrices of UT,C,P that satisfy the above properties are
provided in the last column.
Comparing to the AZ classification [10, 15], we find
three different features: (1) the symmetric constraints
for T and C take the same form; (2) T and C are identi-
fied by their relations to τ ; (3) P should be named parity
according to the symmetric constraint, in contrast to the
fermionic case where T ·C is interpreted as chirality. This
is because the fermionic anti-commutation relation is re-
placed by the bosonic commutation relation.
Based on the presence or absence of these three symme-
tries, the symmetry classification of the QBS is listed in
the first four columns of Tab. II. This result resembles the
AZ ten-fold symmetry classification for fermions. Nev-
ertheless, the symmetry classes correspond to repeated
classifying spaces as revealed later. Thus, different labels
compared to Cartan’s are used.
Classification of TEs. As a key technique in topo-
logical analysis, we introduce a specific decomposition of
the elementary-excitation Hamiltonian. According to the
definition V †τV = τ , each V ∈ U (N,N ′) can be factor-
ized as
V ≡
(
va vx
vy vb
)
= exp
(
w
w†
)
·
(
ua
ub
)
, (3)
where ua,b =
(
va,bv
†
a,b
)− 1
2
va,b are unitary matrices and
W =
(
w
w†
)
= tanh−1
(
vxv
−1
b
vyv
−1
a
)
is an Her-
mitian matrix. The detail is shown in Appendix A. By
reversing the pseudo-unitary diagonalization process of
Eq. (2), we can recast H (k) as
H (k) = e−WH0e
−W , H0 (k) =
(
h0
h′0
)
, (4)
where h0 (k) = uaEu
†
a and h
′
0 (k) = ubE
′u†b serve as two
single-particle Hamiltonians with the spectra given by
Λ (k) = E (k) ⊕ E′ (k). It implies that a QBS is de-
composed into two effective single-particle subsystems
h0 (k) , h
′
0 (k) with a coupling generator w (k), and its ex-
citation spectra are identical to those of the subsystems.
Conversely, components W (k) and H0 (k) can also be
expressed in term of H (k). We note τHτ = eWH0e
W =
e2WHe2W and find the unique solution
e2W = H−
1
2
(
H
1
2 τHτH
1
2
) 1
2
H−
1
2 , H0 = e
WHeW . (5)
From these explicit expressions, we know that W (k) and
H0 (k) are continuous with regard to k and obey the same
symmetric constraints as the original Hamiltonian H (k).
The topological feature of bosonic excitations is fully
encoded in the homotopic property of the elementary-
excitation Hamiltonian. We define the homotopy as fol-
lows: If H (k) can be continuously mapped to H ′ (k)
without breaking the symmetry and closing the excita-
tion gap, we say that H (k) and H ′ (k) are homotopic,
denoted as H (k) ≈ H ′ (k). Based on Eq. (4), we con-
struct a continuous series of Hamiltonian,
Hǫ (k) = e
−ǫW (k)H0 (k) e
−ǫW (k), ǫ ∈ [0, 1] , (6)
which evidently shares the same symmetries and energy
spectra of H (k). Therefore, we immediately achieve a
homotopic relation
H (k) = H1 (k) ≈ H0 (k) = h0 (k)⊕ h
′
0 (k) . (7)
This means that a QBS is topologically equivalent to
two gapped fermion-like subsystems which belong to
AZ classes. As an intuitive comprehension, each V =
eW (ua ⊕ ub) can be continuously mapped to ua ⊕ ub
through linearly decreasing W to zero. This map-
ping forms a deformation retraction of U (N,N ′) onto
U (N)×U (N ′) [56] which implies that the two Lie groups
are homotopy equivalent. Then Hamiltonian H (k) diag-
onalized by V (k) can be retracted to H0 (k) diagonalized
3Table I. Properties of time-reversal operator T , charge-conjugation operator C, and parity operator P for the QBS. Here K
denotes the complex conjugation, UT , UC , UP = U
∗
CUT are unitary matrices, and Einstein’s summation convention is used.
Action Constraint Redefinition Structure Involution Representation
T φi (k) T
−1 := (UT )ij φj (−k) TH (k)T
−1 = H (−k) T := U−1T K TτT
−1 = τ T 2 = ±I UT =
(
ut
u′t
)
Cφi (k) C
−1 := (U∗C)ij φ
†
j (−k) CH (k)C
−1 = H (−k) C := U−1C K CτC
−1 = −τ C2 = ±I UC =
(
±uc
uTc
)
Pφi (k)P
−1 := (U∗P )ij φ
†
j (k) PH (k)P
−1 = H (k) P := U−1P PτP
−1 = −τ P 2 = eiϕI UP = e
i
ϕ
2
(
up
u†p
)
Table II. Classification of symmetries and TEs in the QBS, where the k-space is sphere Sd. In the first four columns, “C, R, H”
marks the complex (C), real (R), quaternionic (H) classes whose T symmetry reads 0,+,−, respectively; “I, II” marks the C
symmetry being +,−, respectively, and “III” marks the class with P symmetry only. Here 0 refers to the absence of symmetry,
1 refers to the presence of P symmetry, and ± refers to the presence of T or C symmetry with T 2 = ±I or C2 = ±I. The
classifying space for the complex, real, quaternionic classes is given by C0 = Z×BU , R0 = Z×BO, R4 = Z×BSp with Bott
periodicity 2, 8, 8, respectively. In the last eight columns, entries like 0, Z and Z2 represent the possible topological phases.
Label T C P Classifying space d = 0 d = 1 d = 2 d = 3 d = 4 d = 5 d = 6 d = 7
C 0 0 0 C0 × C0 Z⊕ Z 0 Z⊕ Z 0 Z⊕ Z 0 Z⊕ Z 0
CI 0 + 0 C0 Z 0 Z 0 Z 0 Z 0
CII 0 - 0 C0 Z 0 Z 0 Z 0 Z 0
CIII 0 0 1 C0 Z 0 Z 0 Z 0 Z 0
R + 0 0 R0 ×R0 Z⊕ Z 0 0 0 Z⊕ Z 0 Z2 ⊕ Z2 Z2 ⊕ Z2
RI + + 1 R0 Z 0 0 0 Z 0 Z2 Z2
RII + - 1 R0 Z 0 0 0 Z 0 Z2 Z2
H - 0 0 R4 ×R4 Z⊕ Z 0 Z2 ⊕ Z2 Z2 ⊕ Z2 Z⊕ Z 0 0 0
HI - + 1 R4 Z 0 Z2 Z2 Z 0 0 0
HII - - 1 R4 Z 0 Z2 Z2 Z 0 0 0
by ua⊕ub, where the spectra and topological features re-
main unchanged during the retraction.
Next, we need to figure out the intrinsic structure and
interrelation between two subsystems. When there is
only T symmetry or no symmetry, two subsystems are
fully independent. Thus, the topological classification of
H (k) is given by that of h0 (k) ⊕ h
′
0 (k). When H (k) is
C-invariant or P -invariant, there are constraints among
two subsystems as given by
u−1c h
∗
0 (−k)uc = h
′
0 (k) , u
−1
p h0 (k)up = h
′
0 (k) . (8)
This implies that the topological classification of H (k)
is fully determined by h0 (k). In other word, the C and
P symmetries in the QBS establish the relation between
h0 (k) and h
′
0 (k) rather than confine their intrinsic struc-
tures. Therefore, subsystems h0 (k) and h
′
0 (k) only con-
tain the same T symmetry as the original system H (k),
attributed to class A (T = 0), class AI (T 2 = +I), or
class AII (T 2 = −I) in the AZ classification [10].
Now we are able to finish the classification of bosonic
TEs. We regard a class of TEs which are homotopic up
to flat bands as one topological phase and aim to count
out all the possible topological phases in each symmetry
class. This is a natural extension of the topological classi-
fication for the AZ classes, with the details stated in Ap-
pendix B. Eventually, the classification table of bosonic
TEs is derived from that of the AZ classes [12–15] and
presented in Tab. II.
Topological invariants. With the TEs classified, we
still need characteristic numbers to distinguish different
topological phases in each symmetry class. Inherited
from the fermionic case, the Z-type invariants in Tab.
II are essentially the Chern numbers of the bands below
the gap (for even d), and the Z2-type invariants are inter-
preted as the Chern-Simons invariants for odd d or the
Fu-Kane invariants for even d [15]. We completely list
the characteristic numbers in Tab. III and provide their
formulas in Appendix C.
We further predict unique topological phases of
bosonic excitations from Tab. II, including (1) asym-
metric system in class C for d = 2, 4 and (2) T -invariant
system in class H for d = 2, 3. Their topological struc-
tures are characterized by a pair of Chern numbers and a
pair of Z2 indices, respectively, which double the results
of their fermionic counterparts. When d = 1, all the
symmetry classes are trivial because the disappearance
of chirality invalidates the winding number that labels
the topological phase. Besides, topological phases may
4Table III. Characteristic numbers as interpretations of the
topological invariants in Tab. II. Here “CN, FK, CS” refers
to the Chern number, Fu-Kane invariant, and Chern-Simons
invariant, respectively.
Invariant even d odd d
Z CN for h0 /
Z⊕ Z CN for h0 and h
′
0 /
Z2 FK for h0 CS for h0
Z2 ⊕ Z2 FK for h0 and h
′
0 CS for h0 and h
′
0
arise in every symmetry class for d = 4 as predicted in
Tab. II, which are possibly implemented in artificial di-
mensions.
Interaction-driven TEs. The technique of Hamilto-
nian decomposition allows us to construct peculiar
bosonic models without fermionic counterpart. The
typical feature of a QBS is the two-boson annihila-
tion/creation interactions ba/a†b† which may arise from
the two-photon squeezing in a photonic crystal or the
atomic interaction of ultracold atoms. It is possible to im-
pose two-boson interactions on the trivial single-particle
parts to make the complete Hamiltonian topological, gen-
erating interaction-driven TEs.
As an example, we consider a 2D bosonic BdG Hamil-
tonian HBdG (k) =
(
ha (k) hx (k)
h∗x (−k) h
∗
a (−k)
)
. This model
possesses C symmetry with C2 = +I and is attributed
to class CI. According to Tabs. II and III, its topological
phases are classified by Z and characterized by a Chern
number in even dimensions. (Classifying the pseudo-
Hermitian Hamiltonian τHBdG (k) with a line gap gives
the same result and provides a verification [27].) Here we
propose the trivial block matrices as follows,
ha (k) = σ
1 sin k1 + σ
2 sink2 − µI, (µ < 0), (9)
hx (k) = σ
3 (m+ cos k1 + cos k2) + ξI, (m, ξ ∈ C), (10)
where σ1,2,3 are Pauli matrices and k1,2 ∈ [0, 2π] form a 2-
torus. To achieve the topological phase diagram, we con-
sider a homotopic Hamiltonian H (k; Ω) = HBdG (k) +
ΩI ≈ HBdG (k) for Ω → +∞ (see Appendix D) and ap-
ply perturbation theory to reduce Eq. (5) to h0 (k; Ω) =
ha (k) −
1
2Ωhxh
†
x (k) + ΩI. After calculations, we obtain
the Chern number of h0 (k; Ω) ≈ h0 (k) as follows [57]
CN =
{
sgn (Reξ∗m) , 0 < |Reξ∗m| < 2 |Reξ|
0, 2 |Reξ| < |Reξ∗m|
. (11)
To demonstrate a TE, we solve the effective single-
particle Hamiltonian h0 (k) = λI + l · σ (λ > 0 and l ∈
R3\0) of this model by Eq. (5). The spin texture l/ |l|
and excitation spectra E (k) = λ ± |l| for parameters
µ = −5, ξ = 2 and m = 1 are presented in Fig. 1 (a)
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Figure 1. (color online). (a) Excitation spectra E (k) (blue
solid lines) and energy spectra of ha (k) (red dashed lines). (b)
Excitation spectra E (k2) for the lattice model of HBdG (k) in
open-boundary condition. (c) Spin texture l (k) / |l (k)| with
the arrow representing (l1, l2) / |l| and the color representing
l3/ |l|. (d) Berry curvature F (k). Parameters: µ = −5, m =
1 and ξ = 2.
and (c), respectively. We can see that E (k) in Fig. 1 (a)
opens a gap in the presence of the two-boson interactions.
And the skyrmion in Fig. 1 (c) reflects the non-triviality
of the interaction-driven TE. We also present the Berry
curvature F = −iF (k)dk1 ∧ dk2 (see Appendix C) in
Fig. 1 (d) and gain the Chern number CN = i2π
∫
F = 1
which coincides with the analytical result of Eq. (11).
Finally, we consider the lattice model of HBdG (k) and
adopt 1D open and 1D periodical boundary condition.
Two edge modes crossing the excitation gap are observed
in the excitation spectra as shown in Fig. 1 (b).
We also propose a Z2-type TE in 2D and 3D based on
the similar construction. We still choose the BdG Hamil-
tonian with block matrices ha (k) =
∑d
j=1 γ
j sin kj − µI
and hx (k) = γ
0
(
m+
∑d
j=1 cos kj
)
+ ξI (µ < 0, m, ξ ∈
R). Here γ0, γj are the Clifford generators and kj ∈
[0, 2π] form a d-torus (d = 2, 3). This model possesses
all the T,C, P symmetries and belongs to class HI whose
TEs are classified by Z2. Similar to the above analysis,
we find HBdG (k) + ΩI ≈ HBdG (k) (see Appendix D)
and ha (k) −
1
2Ωhxh
†
x (k) + ΩI ≈ h0 (k) which serves as
a T -invariant topological insulator [58]. The non-trivial
phase is given by d − 2 < |m| < d and the trivial one is
corresponding to |m| > d or |m| < d − 2 if the gapped
condition ξ 6= 0 has been satisfied.
Conclusions. We have classified the symmetries and
TEs in the QBS with an excitation band gap. Three ba-
sic symmetries in QBS are introduced and the ten-fold
symmetry classification is realized. A specific decomposi-
5tion of the elementary-excitation Hamiltonian is applied
to reveal its algebraic and topological structures. Then
the classification table of TEs is derived based on that
of AZ classes. Unique topological phases of bosons are
discussed and concrete bosonic models without fermionic
counterpart are constructed. Our work provides a frame-
work to explore richer topological physics of bosons.
The possible studies in future include the implemen-
tation of the predicted TEs in realistic systems, the ex-
tension of the classification table by considering lattice
symmetries, and a systematical investigation on the bulk-
edge correspondence in the bosonic case.
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7A. PSEUDO-UNITARY GROUP
We reveal the structure of U (N,N ′). According to the definition V †τV = τ , each V =
(
va vx
vy vb
)
∈ U (N,N ′)
satisfies
v†ava − v
†
yvy = I, v
†
bvb − v
†
xvx = I, v
†
avx − v
†
yvb = 0. (12)
From det v†ava ≥ 1 and det v
†
bvb ≥ 1 one knows det va,b 6= 0 such that va and vb are invertible matrices. After denoting
r = vxv
−1
b =
(
vyv
−1
a
)†
, one can reduce the above equations to
I− rr† =
(
vav
†
a
)−1
, I− r†r =
(
vbv
†
b
)−1
, (13)
and further recast the pseudo-unitary matrix as
V =
(
I r
r† I
)(
va
vb
)
=
(
I r
r† I
)( (
I− rr†
)− 1
2 ua (
I− r†r
)− 1
2 ub
)
. (14)
Here ua,b =
(
va,bv
†
a,b
)− 1
2
va,b are unitary matrices. Then we make substitution
(
r
r†
)
= tanhW to simplify the
above expression as
V = (I+ tanhW )
(
1− tanh2W
)− 1
2
(
ua
ub
)
= eW
(
ua
ub
)
. (15)
Since tanhx is an odd function, W = tanh−1
(
r
r†
)
as a power series of
(
r
r†
)
only contains odd-power terms,
taking the form of W =
(
w
w†
)
. Therefore, a pseudo-unitary matrix V is composed by an N ×N ′ matrix w and
two unitary matrices ua,b, i.e., U (N,N
′) = CNN
′
× U (N)× U (N ′).
B. CLASSIFICATION PRINCIPLE
We present the classification principle of AZ classes for free-fermion systems and extend it to our quadratic bosonic
systems. For the fermionic AZ classes, one first introduces the trivial Hamiltonian
σ =
(
Ir
−Ir
)
, (16)
which corresponds to a flat-band system with equal conduction and valence bands. Then one applies K-theory to
define the stable equivalence of single-particle Hamiltonians h (k) and h′ (k), i.e.,
h (k)⊕ σ ≈ h′ (k)⊕ σ′, (17)
denoting as h (k) ∼ h′ (k). Here σ and σ′ are independent trivial Hamiltonians with unlimited matrix sizes. The stable
equivalence studies the homotopy of Hamiltonians whose intrinsic space is enlarged to ∞-dimension by attaching flat
bands. It is a looser condition than the original homotopy such that the classification becomes much easier. People
usually regard the stably equivalent class [h (k)] as a topological phase and achieve the classification by counting out
all the [h (k)] for given symmetries and k-space dimension [13, 15]. The classification table is derived from the Bott
periodicity theorem [12]. We present the results of class A, AI, and AII in Tab. IV, where the k-space is chosen as
sphere Sd. If the k-space becomes the usual torus T d in band theory, the final result is the present answer plus some
weak topological invariants [13].
8Table IV. Topological classification of class A, AI, and AII. The k-space is chosen as sphere Sd. In the second column, symbol
0 refers to absence of symmetry and ± refers to the presence of symmetry with T 2 = ±I.
AZ class T Classifying space d =0 1 2 3 4 5 6 7
A 0 C0 = Z×BU Z 0 Z 0 Z 0 Z 0
AI + R0 = Z×BO Z 0 0 0 Z 0 Z2 Z2
AII - R4 = Z×BSp Z 0 Z2 Z2 Z 0 0 0
As for the quadratic bosonic system, we naturally extend the trivial Hamiltonian O as follows,
O =
(
oτ=+1
oτ=−1
)
, o =
(
EupIr
ElowIr
)
, (18)
in which the block matrix oτ=±1 acting on the τ = ±1 eigenspace corresponds to a flat-band subsystem with equal
upper and lower excitation bands (the excitation bands above and below the gap). Hence, attaching it on H (k)
does not change the sign difference of τ nor the difference of upper/lower band numbers. Then we call H (k) stably
equivalent to H ′ (k) if
H (k)⊕O ≈ H ′ (k)⊕O′, (19)
denoting as H (k) ∼ H ′ (k). We regard the stable equivalent class [H (k)] as a topological phase and achieve the
classification by counting out all the [H (k)]. Since the homotopic property of H (k) is determined by h0 (k) or
h0 (k)⊕ h
′
0 (k), the classification of [H (k)] reduces to the classification of [h0 (k)] or [h0 (k)⊕ h
′
0 (k)]. Here the stable
equivalence for the subsystem is reduced from Eq. (19), given by
h0 (k)⊕ o ≈ h
′′
0 (k)⊕ o
′′. (20)
We know that h0 (k) is attributed to class A, AI, or AII, and o is homotopic to the fermionic trivial Hamiltonian σ.
Therefore, the classification of [h0 (k)] is directly given by the periodic table of AZ classes Tab. IV. For independent
h0 (k) and h
′
0 (k), the classification of [h0 (k)⊕ h
′
0 (k)] = [h0 (k)]⊕ [h
′
0 (k)] simply gets doubled.
C. CHARACTERISTIC NUMBERS
We provide the computation formulas of the Chern number, Chern-Simons invariant, and Fu-Kane invariant for
the single-particle Hamiltonians h0 (k) and h
′
0 (k) [15]. Firstly, the Chern number is defined by
CN =
∫
BZ
det
(
I+
i
2π
F
)
, (21)
with Berry curvature 2-form F = dA + A ∧ A. Here A denotes the Berry connection form of the bands below the
gap, and BZ refers to the Brillouin zone, namely, the k-space. It is a topological invariant that measures the twisting
of the energy bands (vector bundle). Secondly, the Chern-Simons invariant for d = 2m− 1 is a geometrical invariant
defined by
CS = exp
(
2πi
∫
BZ
csm
)
, (22)
in which the Chern-Simons form reads
csm =
1
(m− 1)!
(
i
2π
)m ∫ 1
0
dtTr
(
A ∧ Fm−1t
)
, (23)
with Ft = tdA + t
2A2. With the existence of time-reversal symmetry, CS takes discrete values ±1 for d = 3, 7 and
then keeps invariant under the continuous deformation of A (k), which becomes a topological invariant. Thirdly, the
Fu-Kane invariant for d = 2m is defined by
9FK =
∫
BZ/2
1
m!
Tr
(
i
2π
F
)m
−
∫
∂BZ/2
csm, (24)
in which BZ/2 refers to a half of Brillouin zone. It also takes discrete values ±1 for d = 2, 6 with the existence of the
T symmetry and thus becomes a topological invariant.
Finally, we provide the expressions of the Berry connection. Without loosing generality, we suppose the first n
elements of E = u†ah0ua lower than the energy gap. Then the Berry connection form of h0 (k) is given by
A = Ψ†u†aduaΨ, Ψ
† =
(
In 0
)
. (25)
By using the factorization of pseudo-unitary matrix V = exp
(
w
w†
)
·
(
ua
ub
)
, we can recast the Berry con-
nection as
A =
(
Ψ†, 0
)
V †τdV
(
Ψ
0
)
. (26)
Similarly, we suppose that the first n′ elements of E′ = u†bh
′
0ub are lower than the energy gap. Then the Berry
connection of h′0 (k) is given by
A′ = Ψ′†u†bdubΨ
′ = −
(
0,Ψ′†
)
V †τdV
(
0
Ψ′
)
, (27)
with Ψ′† =
(
In′ 0
)
.
D. SKILL OF HOMOTOPY
We prove H (k; Ω) = HBdG (k) + ΩI ≈ HBdG (k) which is used to analyze our models. Since H (k; Ω) obviously
keeps the symmetries of HBdG (k), we just need to prove that the gap keeps open while Ω increases from 0 to +∞.
For the first model in class C, the additional inversion symmetry U−1I HBdG (−k; Ω)UI = HBdG (k; Ω) with UI =
I2 ⊗ σ
3 results in σ3h0 (−k; Ω)σ
3 = h0 (k; Ω) such that the spectra obey E (k; Ω) = E (−k; Ω). Due to the C
symmetry, we also find E′ (k; Ω) = E∗ (−k; Ω) = E (k; Ω). Therefore, the gapless condition of HBdG (k; Ω) simply
reads H0 (k; Ω) = λI. According to the Hamiltonian decomposition, it is equivalent to (τH)
2
= λ2I . By substituting
the expression of H (k; Ω) into it, we reduce the gapless condition to sin kj = 0 and ξ
∗ (m+ cos k1 + cos k2) + c.c. = 0
which are independent on Ω. As a result, H (k; Ω) is gapped as long as HBdG (k) is gapped. Therefore, H (k; Ω) is a
homotopy for Ω ∈ [0,+∞).
For the second model in class HI, the P symmetry guarantees E (k) = E′ (k) and the Kramer degeneracy from T 2 =
−I symmetry reduces the spectra to two separate bands. Then the gapless condition is also given by H0 (k; Ω) = λI
which is equivalent to (τH)2 = λ2I. We still find that the gapped condition is independent on Ω. Therefore, H (k; Ω)
is a homotopy for Ω ∈ [0,+∞).
